(1) V* -/«(*). («=1,8,8) .
They may be interpreted as the homogeneous coordinates of a point F in a plane. As x changes, F describes an analytic plane curve C • There exists a uniquely defined linear differential equation of the third order of which yx, y2, y3 form a fundamental system. Let this be (2) y(3) + Pi y" + p2y'+ pzy -0, where px, ¿>2, p3 are analytic functions of x. We may, therefore, speak of C as being an integral curve of (2). But this integral curve is not unique, for every projective transformation of C is likewise an integral curve of (2). Conversely, every integral curve of (2) is a projective transformation of C . Hence the properties of Cy determined by the coefficients (2) are common to all curves projectively equivalent to Cy, that is, they are projective properties.
The representation of a curve in the form (1), however, involves some arbitrary elements.
In the first place, since the coordinates are homogeneous, a transformation of the form (3) Tj = X(x)y, where X(x) is an arbitrary analytic function of x, does not affect the curve. Moreover, a transformation of the form (4) »-*(*), where f(x) is an arbitrary analytic function of x, merely changes the para-[July metric representation, without changing the curve. Those combinations of the coefficients of (2) and of their derivatives which remain unchanged under all transformations of the form (3) and (4), the so-called invariants, therefore characterize the projective properties of the curve independently of its method of representation.
If such an invariant function contains also y and its derivatives it is called a covariant.
It is convenient to consider the subgroup of the general group of transformations defined by equations (3) and (4), which is obtained by leaving the independent variable x fixed. The invariant functions for this subgroup are known as seminvariants and semicovariants.
Of these we shall need * (5) z = y' + pxy, p = y" + 2Pxy + p2y,
as ell as the following invariants : f (7) 03 = P3-fP2, 08 = 60303'-7(03)2-27P202.
By a special transformation of the form (3) and (4), viz., $
where £(x) is determined by the equations :
in which e, and c2 are arbitrary constants, equation (2) may be reduced to the Laguerre-Forsyth canonical form :
The invariant functions above mentioned have then the following exceptionally simple canonical forms :
Hereafter, we shall assume the differential equation in this form, and, for convenience in writing, omit the dashes. We shall assume also that P3, in this equation, is not identically equal to zero. This requires only that C be not a conic.
Let x0 be the value of x which determines the point Pyo, on the curve C . The point P>, whose coordinates are is a point on the tangent to G at F ; * and, if PVo is not a point of inflection, the point P , whose coordinates are
is not collinear with Py<¡ and Pm ; so that these points determine a non-degenerate triangle, semicovariantly related to the curve G . Let this be taken as a triangle of reference.
We may choose the unit point of our system of homogeneous coordinates so that an expression of the form f (13) xxy(xf) + x2z(xf) + x3p(xf)
will represent the point whose coordinates are precisely xx,x2,x3. Let x = x0 be an ordinary point for the function P3 ; and, for convenience in writing, let x0 = 0, since this assumption involves no loss of generality.
Then for values of | x | sufficiently small, any solution of equation (10) tf3)=-ay, tfi)=-axy -az,
where we have put y = y(0), z = y'(0), p =y"(Q), a = P3, and where a^ is an abbreviation for the nth power of the »nth derivative of P3 with respect to x. Putting G(x) in the form (13), we find the following equations, which represent the curve C up to terms of the fourteenth order in the vicinity of the point P"o: Vl = 1 ~¥\x3~4lxt ~ h^~ 6! t"3~ a^X" ~T\(a* ~ 5aax)x7
-|s-i{«( -85««6 -135a, a5 -162a2a4 + 105a2 a3 -84a2
-1gj (a,0 -220«, a6 -121aa7 -297«2a, -330«3«4 + 852aa,a3
-YT](an ~ 166aa8-341a,a7 -517a2aa-627a3a5 + 519a2a.
-330a2 + 2124aa,a4 + 1287a; a3 + 3054a«2a3
Let Q(xx, x2, x3) = 0 be the equation of the osculating quartic.
If we should substitute into its left member xK = yK (k = 1, 2, 3), the coefficients of all powers of x up to and including the thirteenth would be equal to zero, and we should have fourteen equations for the ratios of the fifteen coefficients of Q. The equation Q = 0 has been obtained by the author in this way. The details of that solution, however, will not be given here, as the equation of the osculating quartic may be obtained more easily and in a more satisfactory form by another method.
We wish, however, to emphasize the fact that the equations obtained by the two different methods have been compared, for the sake of checking the results presented here, and have been found to agree.
By combining yx, y2, y3 so as to eliminate the terms in x up to the fourth and eighth orders, inclusive, Professor Wilczynski has obtained as the equations of the osculating conic and cubic respectively : * (17) x2-2x,x3=0,
The curve ft, (x) = 0 has a special significance for our problem. It is the only cubic of the pencil of cubics having eight consecutive points in common with G , which has a double point at P" , and has therefore been called the eight-pointic 0 nodal cubic.
The work will be simplified if we introduce a system of non-homogeneous coordinates X, Y defined by the following equations : a, _aj_ *» -yi -3a y* + 18V y¡" * Pro}. Diff. Geom., pp. 63, 64.
[July Professor Wilczynski has shown that in order to obtain the canonical form (23) of the development, the triangle of reference must be chosen as follows : * " One vertex is a point on the curve and one side of the triangle is the tangent at this point.
The second side is the line upon which are situated the three points of inflection of the eightpointic nodal cubic.
The third side is the polar of the intersection of the other two with respect to the osculating conic. The numerical factors, which still remain arbitrary in a projective system of coordinates after the triangle of reference has been chosen, must be determined in such a way that the coordinates of one of the three points of inflection of the eight-pointic nodal cubic shall be (0, -i/16, 1 ), and that the coordinates of the tangent to the cubic at this point shall be (2j/16, 3]/162, 48)."
We are thus dealing with a coordinate system which has a purely projective relation to the curve C . We now proceed to obtain the development (23) explicitly up to terms of the fourteenth order.
In addition to the two fundamental invariants 03 and f?8, it will be necessary to have explicit expressions for the following system of invariants of equation (10) We shall also need 0^= Z030'32 -32#32c?3. These Jacobians, together with 03 and 0S, form a complete system (2) of invariants of equation (10), in the sense that any rational invariant whatever, involving 03 = a, and its derivatives, 0^ = at(i = 1, 2 • • -9), may be expressed rationally in terms of the invariants of the system.* Equations (25) show that a, a2, a3, • ■ -, a, may be expressed rationally in terms of the members of 2 and of qx. Since the coefficients a{ in the development (23) are absolute invariants, w^en a and its derivatives have been replaced by the members of this system, the terms in ai involving a, must in the aggregate disappear.
We may therefore neglect, at the outset, all terms involving a, ; and it will be understood that terms involving a, have been omitted from the right hand members of all the equations which follow, up to and including (31).
Equations (22) -at)0zl°X» + ¿-, ( 1097aa4 + 973a2 -a,) 0r»X» + j|j ( 1614aa5 + 3636a2as -443691a1 a2 -a3)0^l2X12 + j|-j ( 2298aa6+ 6423a,aé -985815a2 a3 + 3636a2, + 18311440a4 -a9)0x-i3Xls +■■■.
Substituting this value of x in equation (28), we find the following symbolic expression for the development (23) :
r= \x* + x» -^w*7 + |i (io5«! -a^x* -IjW-ar» + ^(63000, -af)0X*X10 + ~ (990aa,-43848a»-af)0~'Xn Solving these equations, we find : 
where all of the coefficients are absolute invariants. This is easily reduced to homogeneous form, if desired, by equations (22). Referred to the same triangle, the equations of the osculating conic and cubic are respectively : (40) is satisfied for all values of x, that is, at all points of the curve C , this curve is itself a quartic.
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